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Questions A

Question 1.

Is the matrix A “

„

a2 a

a 2



positive de�nite for all a P R?

Answer 1.

No, it is not. For a “ 0 the matrix

A “

„

0 0

0 2



,

is not positive de�nite.

Question 2.

If v, w P,R3, v ‰ 0, is the image of vetor w P R
3
under the (linear) orthogonal

symmetry about the line V “ linpvq equal to

SV pwq “ 2
w ¨ v

v ¨ v
v ´ w?

Answer 2.

Yes, it is. An orthogonal basis of V “ linpvq is the single vetor v P V , therefore

PV pwq “
w ¨ v

v ¨ v
v,

and (see Leture 10)

SV pwq “ 2PV pwq ´ w,

whih gives

SV pwq “ 2
w ¨ v

v ¨ v
v ´ w.

Question 3.

If A P Mp2 ˆ 2;Rq and A ` A⊺ “ 0, does it follow that A3 ` pA⊺q3 “ 0?

Answer 3.

Yes, it does. If A⊺ “ ´A then

A3 ` pA⊺q3 “ A3 ` p´Aq3 “ A3 ´ A3 “ 0.

Question 4.

Is it possible that A,B P Mp2 ˆ 2;Rq, detA ‰ 0, detB ‰ 0 but detpA ` Bq “ 0?

Answer 4.

Yes, it is.

A “

„

1 0

0 1



, B “

„

´1 0

0 ´1



, A ` B “

„

0 0

0 0



.

Question 5.

Does there exist matrix A P p100ˆ 3;Rq with pairwise di�erent rows suh that the

dimension of the set of all solutions of the equation Ax “ 0 is equal to 1?



Answer 5.

Yes, it does.

A “

»

—

—

—

—

—

–

1 1 2

1 1 1

2 2 2
.

.

.

.

.

.

.

.

.

99 99 99

fi

ffi

ffi

ffi

ffi

ffi

fl

.

Question 6.

Are the a�ne subspaes E, H Ă R
3
given by

E : x1 ` 2x2 ´ 3x3 “ 2,

H “ p1, 2, 1q ` linpp1, 2,´3qq,

perpendiular?

Answer 6.

Yes, they are. The subspae E has a parametrization

p´2x2 ` 3x3 ` 2, x2, x3q “ p2, 0, 0q ` x2p´2, 1, 0q ` x3p3, 0, 1q, x2, x3 P R,

that is

E “ p2, 0, 0q ` linppp´2, 1, 0q, p3, 0, 1qq.

The diretions

ÝÑ
E “ linppp´2, 1, 0q, p3, 0, 1qq,

ÝÑ
H “ linpp1, 2,´3qq,

are perpendiular beause

p1, 2,´3q ¨ p´2, 1, 0q “ p1, 2,´3q ¨ p3, 0, 1q “ 0.

Questions B

Question 1.

Is the matrix A “

„

´2 a

a ´a2



negative de�nite for all a P R?

Answer 1.

No, it is not. For a “ 0 the matrix

A “

„

´2 0

0 0



,

is not negative de�nite.

Question 2.

If v, w P,R3, ‖v‖ “ 1, is the image of vetor w P R
3
under the (linear) orthogonal

projetion on the line V “ linpvq equal to

PV pwq “ pw ¨ vqv?

Answer 2.

Yes, it is. An orthonormal basis of V “ linpvq is the single vetor v P V , therefore

PV pwq “
w ¨ v

v ¨ v
v,



and

1 “ ‖v‖2 “ v ¨ v,

whih gives

PV pwq “ pw ¨ vqv.

Question 3.

If A P Mp2 ˆ 2;Rq and A ` A⊺ “ 0, does it follow that A2 ` pA⊺q2 “ 0?

Answer 3.

No, it does not. If A “

„

0 ´a

a 0



then A ` A⊺ “ 0, but

A2 ` pA⊺q2 “ A2 ` p´Aq2 “ 2A2 “

„

0 ´a2

´a2 0



,

whih is in general not equal to 0.

Question 4.

Is it possible that A,B P Mp2 ˆ 2;Rq, detA “ 0, detB “ 0 but detpA ` Bq ‰ 0?

Answer 4.

Yes, it is.

A “

„

1 0

0 0



, B “

„

0 0

0 ´1



, A ` B “

„

1 0

0 ´1



.

Question 5.

Does there exist matrix A P p100ˆ 3;Rq with pairwise di�erent rows suh that the

dimension of the set of all solutions of the equation Ax “ 0 is equal to 2?

Answer 5.

Yes, it does.

A “

»

—

—

—

—

—

–

1 1 1

2 2 2
.

.

.

.

.

.

.

.

.

99 99 99

100 100 100

fi

ffi

ffi

ffi

ffi

ffi

fl

.

Question 6.

Are the a�ne subspaes E, H Ă R
3
given by

E : x1 ` x2 ´ 2x3 “ 5,

H “ p1,´1, 0q ` linpp1, 1, 1qq,

perpendiular?

Answer 6.

No, they are not. The subspae E has a parametrization

p´x2 ` 2x3 ` 5, x2, x3q “ p5, 0, 0q ` x2p´1, 1, 0q ` x3p2, 0, 1q, x2, x3 P R,

that is

E “ p5, 0, 0q ` linppp´1, 1, 0q, p2, 0, 1qq.

The diretions

ÝÑ
E “ linppp´1, 1, 0q, p2, 0, 1qq,

ÝÑ
H “ linpp1, 1, 1qq,

are not perpendiular beause, for example

p1, 1, 1q ¨ p2, 0, 1q “ 3 ‰ 0.


